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x�IKI k ¥ k ��« k �E«�sBr>H;N k IKI�¦O«BI§P � k N§P m;l �K«;N§¦ m � k � ª ` m � k HBI�P k$m ~B� � s

N k$l H;� ` I§¦ON�u�N

min
umin≤u≤umax

N−1
∑

j=0

‖x(k + j + 1)‖2Q1
+ ‖u(k + j)‖2Q2

n ~9w �Gq

��¶



��� �'` «;P I k ��~9w ~ ¦;� k � � m�` � k N ` ��«;N k �BP ª I§P a N k$l � k N§P m;l

�-u�N N u�N9«;N k �BP ª I§P ¦ m �Ir;¦ON§Pq�K¦ m I k$m9� �!w a w ��w�r>H;N9�Js m;l ` � ` ��« k �O�K¦O� � ª ` «;N k �BP ª sI k N ` � � a P � ªOk$m a u�� x|k �'�0s ` IKI k IKI'I�l>«;Pq� ª I���I k$l � aT` NWI�uO� ª �&P m Ô }GÖ/w Q1
¦B��r Q2u�N a P ª I§� ` I§N§Pq� k NW¦B��r�¦O� Q1

a u�� x|k �W��lB� ªOk I'��I§LON§N k u m Q2
�0s m k I�lB� k N�� k I

` IKIWN k$l H;� ` I§¦ON m � ª ` ��I�l>N ` x � m `Fm-m I*I§P � ��¦ON§P l ¦ � � k � ` m ��I�l>N/�KP lOm ` � k N m ` P m I km k r;L a k N a�` N ` �K�Js-w7è m � k N a k N `�` IKI m k$l N�u m � m P m;l ` N m ` umin
¦B��r umax

«�s
��I�l>N/�KP lOm ` � k N m ` ª ¦O��� k N�P mk$mBªOk � I*�K¦O� m P a P � � ª ¦ON�w
¢ � l ¦ON§P I§� k$m JMLON k$mB~B� � suN k$l H;� ` I§¦ON m �qP N ` � � I/�0s k$m � P l I�JMLO� x ` m � k n
�"w ~ uTI x(k)

�9w j u ª>m ` HBI*��I�l>N/�KP lOm ` �q�§� k$ª a k	m � k$m u(·)
lOk$m ¦O� ` I§I�� LG� ` n ~9w ��q

{-w ¢ «;«;� Pq� k N ` JMLON/��I ` k � k � k$m I k I u(k) P���I�l>N/�KP lOm ` �q�§� k$ª a k$m � k$m
� w�p�Pq�;�KH;«;«à� ` I k N§P m;l�� k := k + 1

~9w j�k « k I k N ` JMN�s m ��I k$l �
aJå0ä ���������	�	���4� ������0��	�&���'���

v>¦O�£� k I%r ` N m u�� m I/��¦ aT` m9� �0s m k r;L a k N ~B� � k$m ¦O� P mFx u�N k � � k N�� P mFx u�N���¦B� k � �
JMLON ` IKI ª H m;m ` «;N k �BP ª I k N ` w ~©k ��¦O� P mFx u�N���¦B� k � ���0s m � P N!N k$l HB� ` I§¦ON m�l ` m � ª `m k N�u ª>m P m;l � ª N�u aT` m � k w ~©k � ` m�k$m N k$l HB� ` I§¦ON&� k � k$m � P mFx u�N���¦;� k � �EP v�k N `
` N m k I/�K«;H m;ª I k N ª N�u a k N���P m �BN k m k N�u ª>m P m;l ` N�� k$m�ª ` m I ` «;« ` ��lB� ªOk I `@a
� k$m ¦O� P mFx u�N ` �9l m ` ��P ª�k$m P9�IlB��I k � k I�wy k$m ¦O� P mFx u�N ` ��¦B� k � � k$m �K¦O��r ` N m k � ª N§P a P I/�.P ª ` «;P I k � � u�N a u��q�BP l I!��I§¦ON
¦B��r ª ¦O��«;� k ¥�¦B��r � ª H;� � k�lOk�k$m ¦ON§��I'��lB� ªOk I m k N�u ª>m P m;l ` NW¦O� � k$m � ª H;� � k
` m a u m � ` �*PzN k	l H;� ` I/¦ON m w!y)u�NKJMLON ` m a u m �;� k$m � P mFx u�N'��¦B� k � ��P v�k N `�` N m k I/��s
«;H m;ª I k N�w
��ñ6ð�ñIò ó FIú+�"ù%�yFIû�ý+�yFIú�H
y k$m � P mFx u�N ` ��¦B� k � � k$m I ` ��JMN ` � lOk$m ¦O� ` IKI�� P mFx u�N§Pq� k N ` � k$m ¦O� P mFx u�N ` ��¦G� k � s
� k$mNn � w ~"q�wGy k I3z m;m �9I a s�¦O� P ª ` � k I§¦B� k N ` IKI�� P mFx u�N§Pq� k N ` w�y k$m JMLON/��I ` � k I§¦B� k$mu�N ` IKI�� P mFx u�N§Pq� k N ` ��¦;� k � � k$m ¦ m su� P m;k(Ô ~GÖ/wGy k IKI ` l LON ` IKI�� k$m � P mFx u�N ` ��¦B� k � � k$m
` � � I§Pq�Uu�N ª ¦ON§N k$ª I'P.� k$m ` ª I§H k � � ` «;H m;ª I k$m w'� ` � ª � k � k$m u�N ` IKI�� k I ª N�u a k N
l ` m � ª ` ��lB� ªOk I m k N�u ª>m P m;l ` N�w�y)u�N k ��¦�I ª N�u a k N!� k$m ` m �BN ` � k I§¦B� k$m ��P m s
�BN k m k N�u ª>m P m;l ` N � JMLON-�-s�� P mFx u�N§Pq� k N ` �W��¦B� k � � k$m P�JMLON a u l P k IKI a Pq�§��I ` m I ` �
` N m k I/�K«;H m;ª I k N�w9y k$m;m ` � k I§¦B� ª N�u a k N��B¦B� ª � k N���P m;m;k w
t�� k IKI `W` N m k I k � P mFx u�N§Pq� k N ` �9��¦B� k � � k$m PGJMLON a u l��$k JÇI k N/�K¦O� � k I lOk N���P m �BN km k N�u ª>m P m;l ` N�w
x m � P l I Ô �@�GÖ��0s>u�N!�IlB��I k � k I

ż = Az + Bv

w = Cz

n ~9w �"q



~9w �9w ~ ¦;� k � � k$m P9N k$l H;� ` I§¦ON m �B�

k$m � P mFx u�N§Pq� k N§P m;l `Da n � w ~Fq ª N§P m;l ` N m k I/�K«;H m;ª I k$m x0

�
u0
�-u�N z = x − x0

�
v = u− u0

¦B��r w = y− y0
w ~ ` I§N§Pq� k N m ` A � B ¦B��r C r ` N k � k � k$m I aij � bij¦B��r cij

l P a m `�`@a

aij =
∂fi
∂xj

, bij =
∂fi
∂uj

, cij =
∂hi
∂xj

n ~9w {�q
�-u�NW� k N§P aT` I/¦ON m ` u�N*HBI a u�N/� k N ` � k P ` N m k I��K«BH m;ª I k$m x0

�
u0
w5|�LON ` IKI&� k$m;m `

� P mFx u�N§Pq� k N§P m;l � ª ` l u�� � ` �0s��JsO��I k ` N m k I/�K«;H m;ª I k$m aT` N ` k$m ��I ` I§P ¦ m u�N.«BH m;ª I �
�!w a w ��w

f(x0, u0) = 0.y k N§P a�` I§¦ON m ` P n ~9w {"q�N�u ª>m ` �9HBI�� k � m H;� k N§Pq� ª ` «B«;N§¦D¥BP � ` I§P ¦ m'k$m � P l I Ô ¶�Ö
�K¦O�

aij ≈
fi(x01, . . . , x0j + h, . . . , x0n, u0)− fi(x0, u0)

h

bij ≈
fi(x0, u01, . . . , u0j + h, . . . , u03)− fi(x0, u0)

h

cij ≈
hi(x01, . . . , x0j + h, . . . , x0n, u0)− hi(x0, u0)

h

n ~9w � q

�-u�N n u�N ` m I ` ��I§P � �q��I�s m ��P�� k$m � P mFx u�N ` ��¦B� k � � k$mRn ~9w �Fq�wt ~B� � suN k$l H;� ` I§¦ON m ` m a u m �;��� k � ` m ��¦;� k � � k$m
z(k + 1) = Adz(k) + Bdv(k)

w(k) = Cdz(k)

n ~9w ~"q
a P � ªOk$m u�N k$m I§Pq�;�§�BPq� ª N k I!��¦B� k � � `Da n ~9w �Fq�w
��ñ6ð�ñ6ð o ý3� ô l5ý+�yFIú�H#���<�7ú ö �7ü�ý ö?ö FIü�ü�û ö ÿ7úD�
t�� k$m ¦O� P mFx u�N ` ��¦B� k � � k$mÈn � w ~Fq�z m;m � � k I���� I§P � �Ç��I�s m � k$m � P l I�I `Fm k � � � w �Fw|�LON ` IKI!��P m � ª ` «�s ` m I ` � k I m k N�u ª>m P m;l ` N�P9N k$l H;� ` I§¦ON m �0s���P m � ª ` � ` m I ` � k I
I§P � �q��I�s m ��I§P � � k � a�` P�� k$m � P mFx u�N ` ��¦;� k � � k$m w7y k IKI ` r ` N lGx ¦ONKI/� lOk$m ¦O� ` IKI
` m I `�` IKI a Pq�§� ` I§P � �q��I�s m �fu�N ª ¦ m ��I ` m I ` w
p�N0lB� ª � ª P � � m ` � k$m L a k N�� k � ��¦B� k � � k N m ` � HBJÇIIz�� I§N k I!¦B��r `Da l ` �§�Il>��I k � k I�u�Nl ` m � ª ` �K�Js-w#y k IKI ` l LON ` IKI I§P � �q��I�s m � k$m PW� k �§� ` � k � ��¦B� k � � k NQu�N l ` m � ª `

ª ¦ m ��I ` m I ` ¦B��r ª ` m �-u�NKJMLON k N/�0uTIKI ` �.� k � ª ¦ m ��I ` m I k N�w
x m � P l IWI `Fm k � � � w �-�0sJz m;m �W� k IWI§P � �q��I�s m �JMLON m sO� k � ` �§� ` m `Da � HBJÇI'¦B��r

� ` �§� ` m `Da `@a l ` � k NEP aT` N x|k a ¦O� l>�fw ~©k$m Pà� ` �;�B� HBJÇI/� ª l>� ` N k$m z m;m ��� k I�P m;l `
`Da l ` � k N�¦B��r� k I�I§P � �q��I�s m � k I ª ` m �-u�NKJMLON��0uTIKI ` �.I§P � � m ¦O� �6w
t�� k$m ¦O� P mFx u�N ` ��¦B� k � � k$m r ` N�� k I ` m I ` l P I/� ` IKI�� k I�P m I k z m;m � m s l ¦ m

� HBJÇI�P `@a l ` � k N m ` k JÇI k N'��¦�I§¦ON m w+y)u�NKJMLON ª ` m I§P � �q��I�s m � k$m � ` �§� ` m `Da � HBJÇI�P
`Da l ` �KNKLON k I�¦;�0r�P�x p j s ª l>� ` N k$m u a k$m �0uTIKI ` ��I§P � � m ¦O� �6w�|�LON�JMN ` ��I§Pq� `8m k r;¦ a �
�0stu�N�� k I l ` m � ª ` k$m;ªOk � I ` IKI���u lOl ` I§P � � k$m m k N�u ª>m P m;l `Da,` m � k � k$m � HBJÇI P
`Da l ` � k N m ` wy k.k � aT` I§P � �q��I�s m ���K¦O��u�N ª aT` N�¦B��r-�K¦O� ` m a u m �;�9P>� k$m � P mFx u�N ` ��¦B� k � � k$mª ` m � k ��P�I `Fm k � ��~9w �Fw



�O� �'` «;P I k ��~9w ~ ¦;� k � � m�` � k N ` ��«;N k �BP ª I§P a N k$l � k N§P m;l

p `Fm k � ��~9w �OnYw ë�¥0í�§��x��¡y�O¡;o ����"ë>¦(�O¤O¤ ¥�¦r��¡=�Q¥���©  �¡y����¡=�G¥��,�"ë�¡U¤ �O¡
"t��§0 f©J� $�"ë�¤ ¤ ë�¡���8�� �  p�P � �q��I�s m � y k � ��¦B� k � � ¤ k � ª N§P a m P m;l x m r k I
z1

o ` �;�B� HBJÇI/��s ~ ` �§� ` m `Da � HBJÇI ª>l
z2

ª l>� ` N k p�¦�I ` � ` k$m;k N l P m «�s l ` � k N m ` �
z3

t m �KH l s ~ ` �§� ` m `Da � HBJÇI ª>l
z4

m P m;l �KN§LON ~ ` �§� ` m `Da�`@a l ` � k N ª>l
z5

p�¦�I ` � ` k$m;k N l P m «�s l ` � k N m ` �
z6

x p j s ~ ` �§� ` m `Da�`@a l ` � k N ª>l
z7

ª l>� ` N k p�¦�I ` � ` k$m;k N l P m «�s l ` � k N m ` �
z8

¢�a l ` ��s ~ ` �§� ` m `Da�`@a l ` � k N ª>l
z9

N§LON p�¦�I ` � ` k$m;k N l P m «�s l ` � k N m ` �
z10

~ ¦�I§¦ON ` ¥ k � ~ ¦�I§¦ON aT` N a I ` � N§«;�
z11

p�H;N m P m ` ¥ k � p�H;N m ¦ aT` N a I ` � N§«;�

��ñ6ð�ñ(B � � ø ý ö û0E ô ú�D ö ý+�
x�JÇI k N/�K¦O� ` N m k I/�K«;H m;ª I k$m �JsO��I k a�` N ` k$m ��I ` I§P ¦ m u�N.«;H m;ª I*�0s m k ��I�u���� ` NKsm k I/�K«;H m;ª I k$m m�` N ` �fw r+w ` w u0

w�p�P � �q��I�s m � k$m x0
J4sO� lOk$m ¦O� ` IKI���uO� ``Da � k

��I ` I§P ¦ m u�N ` I§P � �q��I�s m � k$m P���¦B� k � � k$mân � w ~Fq��-s u0
` m a u m �;���K¦O� ª ¦ m ��I ` m I `

P m �KP lOm ` � k N�w
|�LON ` IKI m k ��I�u���� ` rGH;N��Js m;l ` ¦B��r a P � ª `!` N m k I/�K«;H m;ª I k N��K¦O� � ª `�a u�� x ` �

�0s l LON/��� k I m s l N ` I§N ` m �KP k$m I k N�«�s � k$m ¦O� P mFx u�N ` ��¦;� k � � k$m9� � k z l H;N�~9w �Fwp k$m ¦O� ` IKI ` m a u m � ` I§N ` «;«���I k$l «�s�P m �KP lOm ` � k N m ` �0s ª ` m � k I&�Il m ` ��«�s k IKI
H m;lOk J4u�N�r>H;N�¦O� P mFx u�NKI k IKI�JMLON0r�s�� � ` m � k u�N�� k � � ` m � k ��I ` I§P ¦ m u�N ` m P a s k N m `
«�s k$m P m s�¦;�0r�HBI/�KP lOm ` �6w�v>P lOm ` � k$m uegr

� k NWHBI ` IKI a�` N ` � k$m P m �KP lOm ` ���K¦O�r ` N�� k I� k ��I�� P mFx u�N ` JMLON0r�s�� � ` m � k I � � k � ` m uvgt
¦;�0r uδ

a k N ª ` NNr ` k IKIm k I�lB�B� P l I!� k N�¦O�qP mFx u�NKI�JMLON0r�s�� � ` m � k wBt m �KP lOm ` � k$m uvgt r ` N�P��KP m I§H;N k IKI*� P I k� k N�¦O� P mFx u�NKI�JMLON0r�s�� � ` m � k u m aT` � uδ r ` N�w¢ N m k I/�K«;H m;ª I k N m `�a u�� x|k �&�0s ` IKI'� k$m P m �KP lOm ` ���K¦O� r ` N&� k I'� k ��I&¦O� P m sx u�N ` JMLON0r�s�� � ` m � k I�I§P � �;HBI/�KP lOm ` � k N m ` J4s�N v�k ��I ` N m k I/�K«;H m;ª I k N�wF|�LON/� k � k$m � k �
�Js m;l `�` N m k I/�K«;H m;ª I k N(u�N ` IKI k$m m uTIKI§N k ` m « ` �§� m P m;l I§P � ��� k$m ¦O� P mFx u�N ` ��¦�s
� k � � k$m J4sO�z¦;�0r �-u�N§� k ��¦B� ª �0s k$m m uTIKI§N k N k$l � k N§P m;l w"� ` � ª � k � k$m u�N ` IKIEN k$l HBs
� ` I§¦ON m�ª N�u a k NE� k N m k N�u ª>m P m;l ` Nz¦B��r���I§LON§N k ��P m;m;k JMLON ` IKI�� ` l N ` � k � P mFx u�N `
��¦B� k � � k N m ` w
è m � k N a k N `+` IKI�� k$m;m ` � k I§¦;� ` IKI m k ��I�u���� `�` m I ` � k I ` N m k I/�K«;H m;ª I k Nu�N k IKI��0uTIKI�w3y k I�z m;m � v�k N `©` m �BN ` � k I§¦B� k N-�K¦O� ¦B� ª �0s m LON'H m � k N/�KL ª ` ��wy k �§�KHBI§¦O� m LON v�k N ` ª ¦O� m P m ` I§P ¦ m;k N `Da P m �KP lOm ` � k N!H m � k N/�KL ª ` � k$m � k �K¦O�

H m � k N/�KL ª �.P!z l HBN*~9w �Fw
tWI `Fm k � �.~9w � a Pq� ` �WJMLON/� k � m P m;lOk$m `@a+` m I ` � k I ` N m k I/�K«;H m;ª I k N�� k � � ` m � k

¦O� P ª ` P m �KP lOm ` � k N m ` wFy k IKI ` HBI a u�N/� k N ` ��P;I a s&J ` � � � �-u�NE� k I k$m ` J ` � � k I#r ` N v�k N
` N m k I/�K«;H m;ª I k N�w



~9w �9w ~ ¦;� k � � k$m P9N k$l H;� ` I§¦ON m ��{
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� � �'` «;P I k ��~9w ~ ¦;� k � � m�` � k N ` ��«;N k �BP ª I§P a N k$l � k N§P m;l

p `Fm k � ��~9w �Bn�� ¨�§'�"ë�¤ ¡y�O¡;�ë�¡  ��  �¡�¦� �¤ ë�¦E �§�:0ë�¦4¥��:ì9¡9í�¦�ë�§â©Jë�¤O¤  �¡��"ë ��¤ � í" �O¡-¥�� F¡5 �¤ ë�§�¡5 ��
| ` � � uvgt uegr uδ

p�¦�I ` � I
¢ { � � 3 · 1 · 2 � ¹¤ � � � 4 · 1 · 4 � ��¹

aJåGI � ���/�������	�.�
x�IKI k$m;ªOk � I k ¥ k ��« k ��«�s k IKI ª N§P I k N§P H;� ` m;l `@a �àP�¦O«BI§P � k N§P m;l �K«;N§¦ m � k � k I n ~9w �Gq�wè*� � k$m � P mFx u�N ` ��¦B� k � � k$mRn ~9w ~"q ` m a u m �;�.«�s�«;N§¦ m � k � k I*�0s-J4sO�

min
vmin≤v≤vmax

N−1
∑

j=0

‖z(k + j + 1)‖2Q1
+ ‖v(k + j)‖2Q2

n ~9w ¹�q

�-u�N vmin = umin − u0
¦B��r vmax = umax − u0

w
��ñ(B�ñIò o ý õ ý+�-ý3úDû}û;F�H#ú��7ü
|�LON ` IKI�HBI/�KP lOm ` � k$m y � ª ` ª H m;m ` JMLO� x ` k$m N k J k N k$m �§�KP lOm ` � r m u�N��IlB��I k � k IN k$l � k N ` ���0s ` m a u m �;� ª N§P I k N§P k I

N−1
∑

j=0

‖w(k + j + 1)− wr(k + j + 1)‖2Q1
+ ‖v(k + j)‖2Q2

n ~9w »Fq

�-u�N wr = r − y0
w3y)s m k rBL a �'� k I'JÇN ` ��I§Pq� `�a u�N/� k$m «�s�N k J k N k$m �§�KP lOm ` � k$m w

rDu�N ` m I ` �z� k I ` IKIzJMN ` ��I§Pq� ` N k J k N k$m � k N ª ¦O��� k N ` IKI a�` N ` � ` ��� ` �K¦O� � k$mm H a�` N ` m � kAÔ }�Ö � �!w a w ��w r(k + j) = r(k) w
��ñ(B�ñ6ð � ú ö ýYH����7ür�#ý+��D+�7ú
t ª N§P I k N§P k I n ~9w »Fq��0s�� ª ` k$m N k J k N k$m �.JMLO� x ` ��¦B��r©� ` �'I§Pq�BP l I*� ª ` ��I�l>N/�KP lOm ` � k$m
J4sO��� P ª ` � k � m ¦O�q�6wFy k IKI ` � k �>JMLONz«;N§¦ m � k �g¦O�g� k$m ��I ` I§P ¦ m u�N ` ��I�l>N/�KP lOm ` � k$m
a Pq��� k$m L m � ª ` � k HBI/�KP lOm ` � k	m P m I k u�N m ¦O� �6wàx�IKI-�0uTIKI ` IKI'� LG� ` � k IKI ` u�N ` IKI
��I§N ` × ` u m �BN§P m;l ` N�P���I�l>N/�KP lOm ` � k$m9� Pq��I�u�� � k I-JMLON ` ��«;� P I§H�� k$m w � N§P I k N§P k I m � P N
�-s
N−1
∑

j=0

‖w(k+j+1)−wr(k+j+1)‖2Q1
+‖v(k+j)−v(k+j−1)‖2Q2

.
n ~9w }�q

x m � P l I Ô }�Ö��0s lOk N�� k IKI ` P m I k$l N ` � a k N ª ` m w}y k �§�KHBI§¦O� �0s ª ` m � m `Fm-m r k I k$m
«�s���I�l>N/�KP lOm ` � k N m `�m k ��I�u���� ` ���fw r+w ` w a P ª I§� ` I§N§Pq� k$m Q2

w



~9w � wvGI§N§H ª I§H;N �O~

��ñ(B�ñ(B ��ö¡  ��û;F�H#ú��7üIû}þ(���yFIû��#ú ö
¢ m I ` � k I m k N�u ª>m P m;l ` N�PG¦O«BI§P � k N§P m;l �K«;N§¦ m � k � k I��K¦O� � ª ` � LG� ` � a Pq� ` N��KP l a�` N `
«;N§¦O«d¦ONKI§P ¦ m;k � � I���¦�I ` m I ` � k I�JMN§P `+aT` N§P `Fm � k N�H;«;«-r;L x I�I§P � ��I§N kO� �-u�N ` m I ` � k I
JMN§P `�aT` N§P `Fm � k N
u�N'� P ª ` � k � N · dim(v) w�x�IKI��0uTIKI ` IKI'��P m � ª `` m I ` � k I&JMN§P `aT` N§P `Fm � k N � � k$m JM¦ONKIKJ ` N ` m � k r ` k$m l ` m � ª ` ��s m;l «;N k �BP ª I§P ¦ m �Ir;¦ON§Pq�K¦ m I N � u�N` IKIWP m JMLON ` k$m ��I�l>N/�KP lOm ` �q�Ir;¦ONKPq�K¦ m I � Nv

w!y)s ` m I ` �*� k I ` IKI'��I�l>N/�KP lOm ` � k$m u�N
ª ¦ m ��I ` m I k JÇI k N Nv

� ` ��« k � � �!w a w ��w
v(k + j) = v(k + Nv) ∀j > Nv.

n ~9w ¶�q
y k IKI ` l LON ` IKI ` m I ` � k I�JMN§P `�aT` N§P `Fm � k N�Pq��I�u�� � k I m � P N!� P ª ` � k � Nv · dim(v) wt Ô }GÖ m k � ª N§P a ��� k IHr>H;N k IKI¦O«BI§P � k N§P m;l �K«;N§¦ m � k � � k � k IKI ª N§P I k N§P H;�
k$m � P l I n ~9w }�q.¦B��r�� k � k$m ��I�l>N/�KP lOm ` �q�Ir;¦ONKPq�K¦ m I k$m � P l I n ~9w ¶"q m k N�u ª>m ` ��w
��ñ(B�ñ¢i ��ö¡  ��û;F�H#ú��7ü�ý3ú

uδ

x�IKI ` m;m ` I'�0uTIKI ` IKI&��P m � ª ` «�s ` m I ` � k I*JMN§P ` a�` N§P `Fm � k N*P�¦O«BI§P � k N§P m;l �K«;N§¦ m s
� k � k I#u�N ` IKIz��sTI ` ��I�l>N/�KP lOm ` � k$m uδ ��I�l>N ` ��� k « ` N ` I��fw r!w ` w `Da k$m λsuN k$l H;� ` I§¦ONk$m � P l I `Da � m P IKI��9w �9w �Fw�y k IKI ` JMLON/�0u���N ` NàP m I k «;N k ��I ` m � ` m «�s ~B� � suN k$l H;� ` I§¦ON mk JÇI k N/�K¦O� uδ

u m �-s�� ª ` JMLO� x ` uδref a P � ª�k I λsuN k$l H;� ` I§¦ON m ª � ` N ` N `Da � P ª `Am N ` wy k IW�K� HBI l P � I§P l ` ª N§P I k N§P k I m � P N*�-s
N−1
∑

j=0

‖w(k+j+1)−wr(k+j+1)‖2Q1
+‖vv(k+j)−vv(k+j−1)‖2Q2

n ~9w �@��q

� k �� k a�` N§P k N m�` N ` ��I�l>N/�KP lOm ` � k N m `

vv = uv − uv0, uv =

[

uvgt
uegr

]

.

è m � k N a k N ` ` IKI ~B� � suN k$l H;� ` I§¦ON m JM¦ONKIKJ ` N ` m � k m k r;L a k N uδ P�� k$m � P mFx u�N `��¦B� k � � k$m JMLON ` IKI ª H mBm ` «BN k �BP ª I k N ` � k JMN ` ��I§Pq� `�a u�N/� k$m ` «�s�I§P � �q��I�s m � k$m w|�LON ` IKI ª H m;m ` � LG� ` ¦O«BI§P � k N§P m;l �K«;N§¦ m � k � k IE� k � ª N§P I k N§P k I n ~9w �@�"qz�0s�� ª N§P a �
��¦B� k � � k$mUn ~9w ~Fq.¦O� I§P � �

z(k + 1) = Adz(k) + Bvvv(k) + Bδvδ(k)

w(k) = Cdz(k)

n ~9w �O�Gq
�-u�N!� k I ` m I ` � ` IKI vδ(k + j) = vδ(k) w
aJå�` j ����0�����0��
vGI§N§H ª I§H;N k$m JMLON���I�l>N m P m;lOk$m `@a P m �KP lOm ` � k N m ` uvgt � uegr ¦B��r uδ

«�s k$m ��¦�I§¦ON
� k � k$mJ~B� � suN k$l H;� ` I§¦ON a Pq� ` ��P9z l H;Nz~9w �9w�rDu�N ` m a u m �;��� k I k$m λsuN k$l H;� ` I§¦ON



�F¹ �'` «;P I k ��~9w ~ ¦;� k � � m�` � k N ` ��«;N k �BP ª I§P a N k$l � k N§P m;l

WirLu
System   -regulator uu  ref

Val av:
Ad,Bd,Cd,x0,u0

xuv

MPC-regulator

r

Optimering

|�P l H;N*~9w �Bn5é ¦6§�ì�í�¦6ì9§Ië�¡�î�¨�§��"ë�¦�¥�¤ ì9¦6¡5 >¥ ê ¥�¦�ë�©Jë�¦��

�K¦O� lOk$m;k N k N ` N ��I�l>N/�KP lOm ` � k$m uδ
¦;�0r k$m£~B� � suN k$l H;� ` I§¦ON��K¦O� lOk$m;k N k N ` N

��I�l>N/�KP lOm ` � k$m uv wp�P � � λ suN k$l HB� ` I/¦ON m J4sO� k$m lGIKI§N k m k	l u�N ` m «�s uδref
�K¦O�(I�w k ¥!w ª ` m a�` N `

` IKI l ` �K« k � ` � k$m I§N0lB� ª � m;k N�w
t ~B� � suN k$l H;� ` I§¦ON m H m � k N/�KL ª �.JMLON/��I a P � ª�k$m ` N m k I/�K«;H m;ª I*�IlB��I k � k I m k sz m;m;k N&�KP l P�¦B��r��-u�N§� k �©¦;� ª �0s a P � ª�k$m � P mFx u�NW��¦B� k � ���K¦O� � ª ` ` m a u m � ` �!P

¦O«BI§P � k N§P m;lOk$m w�v k � ` m � LG� k N�N k$l H;� ` I§¦ON m�k IKI*¦O«BI§P � k N§P m;l �K«;N§¦ m � k � � k � ª N§P s
I k N§P k I n ~9w �@�"q�w:y k I&�K¦O� m k r;L a �!�JuTI ` JMN�s m �IlB��I k � k I)u�N!I§P � �q��I�s m � k$m x ¦;�0rHBI/�KP lOm ` � k$m WirLu

w
aJå'a Q �����+W��	�	���	�����'�
y k « ` N ` � k I§N ` N��K¦O� z m;m ��P�N k$l H;� ` I§¦ON m u�N a P ª I§� ` I§N§Pq� k N m ` Q1

¦B��r Q2

�
«;N k �BP ª I§P ¦ m �Ir;¦ON§Pq�K¦ m I k$m N ¦B��r ��I�l>N/�KP lOm ` �q�IrB¦ON§Pq��¦ m I k$m Nv

w Nv
a u�� x|k ��I§P � �

I§N k JMLON ` IKI!P m I k J4s�JMLON!��I§¦ON m k N�u ª>m P m;l �K�Ju m;l � P9N k$l H;� ` I§¦ON moÔ »�Ö/w�y k L a N§P l `
« ` N ` � k I§N ` N m `Dm k ��I�u���� lOk$m ¦O� ` IKIzI k ��I ` �KP l JMN ` �g¦B��r��KP �-H;� k N ` N k$l � k N§P m;l sk$m w y k P m ��I�u�� � m P m;l ` NW�K¦O��N k �B¦ a Pq� ` ��r�u�NWHBIKJMLON/�*«�s k$m N k$l H;� ` I§¦ON*� k � ` m s
I ` � k I ` N m k I/�K«;H m;ª I k N k$m � P l I*J ` � � ¢ P�I `Fm k � �z~9w �}w5y k �§�KHBI§¦O� ` m a u m �;�!P m;lOk$m
λsuN k$l H;� ` I§¦ON � �!w a w ��w uδ = uδref

� JMLON ` IKI*� k I*� ª `Am � P9� P I k'k$m;ª � ` N k w� w l w ` w m k$l N�u m � ` �*�JuTI/� ` I ` P ª ` «;P I k � � �0s�u�N m k$l N�u m � m P m;l ` N m ` «-s!��I�l>N/�KP l s
m ` � k N m ` � ` IKI ` I§P � �

uvmin =

[

10%
50%

]

, uvmax =

[

100%
100%

]

.
n ~9w �D�"q

t a k N ª � P l r k I k$m u�N!� k$m H m �BN k m k$l N�u m � m P m;lOk$m
uvmin =

[

0%
0%

]
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|�P l H;N�~9w {;n9é �O©Aì9¤ ë�§��O¡;J ��8§0ë�F¤ ë�§��O¡;�ë�¡��
���Jë�¦6¦Y� G¥��_����§0 �J©Jë%�>��¤ � í" �����§'�"ë�¡���
γ
�
N £u¤ /��

� k$m P9� k IKI `�` N m k I k ` m a u m �;� m k$l N�u m � m P m;l ` N m ` n ~9w �D��q�w
��ñ(��ñIò > F�D ö k#� ö �yF�û�ý+�
x�JÇI k N/�K¦O� a P7r ` N&I a s��I�l>N/�KP lOm ` � k NW¦;�0r�I a s�HBI/�KP lOm ` � k N � �0sHr ` N a P ª I§� ` I§N§P s
� k N m ` JMLO� x ` m � k HBI/� k$k$m � k

Q1 =

[

q11 0
0 q12

]

, Q2 =

[

q21 0
0 q22

] n ~9w �@{�q
�-u�N qij u�N�«d¦G�KP I§P aT` I ` �6wè*� JMLON0r-s��q� ` m � k I�� k � � ` m Q1

¦;�0r Q2
� ª ` H m � k N/�KL ª ` �E�0s ` m I ` �.� k I ` IKI

q11 = q12
¦B��r q21 = q22

¦;�0r� k$m H m � k N/�KL ª � ª a ¦�I k$m
γ =

q21

q11

.

tDz l H;N�~9w {Hr ` N k$m N k$l � k N§P m;llOk$m ¦O��JMLONKI/�&JÇLON'I§N k ¦O� P ª `�a u�N/� k$m «�s γ w'|�LON
γ = 1 �0s m � P N-� k I k IKI-� P I k I-��I ` I/Pq� ª I&J k �#r;¦G� WirLu

¦;�0r�� k �§�KHBI§¦O� �0s�¦G��s
�	P � � k N ` N uvgt l ` m � ª ` ��lB� ª�k I�w�|�LON ` IKI���P m � ª ` «�s�¦G�§�	P � � ` I§P ¦ m;k$m �0s���I§N ` × ` �
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N
�
γ £u¤ /��

��I�l>N/�KP lOm ` �q�0u m �BN§P m;l ` N m ` � k N � �!w a w ��w γ L ª ` � I§P � �&I§P ¦�w�y)s,J4sO� k$m ��lB� ªOk I� x H ª ` N k ��I�l>N m P m;l ¦B��r � k �§�KHBI§¦O�^�0s©JMLON/� a P m;m;k N�� k I���I ` I§Pq� ª ` J k � k I�w Á ª ` �
γ lGIKI k N§� P l ` N k I§P � �&�@�O� �0sJ4sO� k$m ��lB� ªOk I���s m;l � ` ��� ` N k ��I�l>N m P m;l ¦;�0r k IKI��I ` I§Pq� ª I�J k �+r;¦G� WirEgr

Pq��I�u�� � k I�w ¤ uO��I�N k$l � k N§P m;l J4sO� ` � � I/�0s-JMLON γ = 10 w� sW� P ª>m ` m � k �0uTIKI ª ` m u a k$m JMLON0r�s�� � ` m � k I�� k � � ` m�k � k � k$m I k$m P m ¦O� a�` N x|k
a P ª I§� ` I§N§Pq� � �5w a w � ª a ¦�I k N m ` q11/q12

¦B��r q21/q22

� H m � k N/�KL ª ` ��w p LON/�!� k IKI `
�0s m � P NzN k$l � k N§P m;lOk$m m uTIKI§N k «�s'� k$m�k$m ` ��I�l>N/�KP lOm ` � k$m N k �K« k$ª I§P a k «�s'� k$m�k$m `
HBI/�KP lOm ` � k$m w j�k �KH;� I ` I k I�P�� k IKI ` J ` � �-u�N ` IKIE� k I m � P N m uO��I�N k$l � k N§P m;l ¦O�g� k �§� `
ª a ¦�I k N(u�N�� P ª ` � k � k IKI�w
��ñ(��ñ6ð j �-ý3�*F�D ö F��#úDû}þ(���yF�û��#ú ö
t�z l H;N�~9w ��a Pq� ` �àN k$l � k N§P m;lOk$m a Pq�*I§N k ¦O� P ª `.a u�N/� k$m «�s�«;N k �BP ª I§P ¦ m �Ir;¦ON§Pq�K¦ m I k$m
N wG|�LON�HBI/�KP lOm ` � k$m WirLu

�0s!�Il m ��� k I ` IKI���I�l>N m P m;lOk$m m � P N�� P I k � m `Fm-m�` N k JMLON
��P m �BN k a u�N/� k «�s N w�|�LON N = 10 �0s8u�NE� k I k$m � P I k$m L a k N/�K��u m;l r;¦G� WirLu

wy)u�N k ��¦�I&JMLON�H>I��KP lOm ` � k$m WirEgr
�0s m � P N-��I�l>N m P m;lOk$m � m `Fm-m�` N k JMLON���I§LON§N k

a u�N/� k «�s N
� � k � k IKIW��I ` I§Pq� ª I�J k �9JMLON N = 80 w:y k �§�KHBI§¦O��r ` N WirEgr

k$m
L a k N/�K��u m;l JMLON N = �@��¦B��r}O�-w ¤ uO��I�N k$l � k N§P m;l J4sO� ` � � I/�0s-JMLON N = 40

� �K¦O�



~9w ¹-w � N k ��I ` m � ` �F¶

u�N l ` m � ª ` � m `Fm-m ¦B��r�K¦O� P m I k'lOk N m s l ¦ m L a k N/�K��u m;l wy k �§�KHBI§¦O� m LON9N k$l HB� ` I§¦ON m � ª N `@a «�s m k N�u ª>m P m;l �K�Ju m;l �*¦B��r&��P m;m;k �§��I§¦ONKs
� k$ª JMLON ` IKI� ` l N `,` � � ` P m ��I�u�� � m P m;l �K� ` I§N§Pq� k N I�u m;ª ` ��L a k N�w�y k I a Pq� ` N�KP l
` IKI m sO� k m k N�u ªBm P mBl �K�Ju m;l � k$m ¦B��r���P m;m;k �§��I§¦ON§� k$ªOk$m u�Nz«;N§¦O«d¦ONKI§P ¦ m;k � �B��¦�I
N w ¢ m a u m �;� k IKI���I�l>N/�IlB��I k � � k � k$m m k$l N�u m � ` � m k N�u ª>m P m;l � ª ` « ` �	P I k IE¦B��r��P m;m;k �§��I§¦ON§� k$ªà� �0s m LON k IKI!��P m �BN k a u�N/� k «�s N a u�� x ` ��w
aJåGb P ���������������
|�LON ` IKI�H m � k N/�KL ª ` «;N k ��I ` m � ` m r;¦G� ~B� � suN k$l H;� ` I§¦ON m �0s�r ` NEJ ` � � k$m ¢ ¦B��r
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