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Adaptive Control of One-Step
Methods

In the previous chapier we met a number of one-step methods that allowed
us to approximate the solution x € C(Jto, T), R?) of the initial vaiue prob-
lem

i = flt,zy,  xlto) = o,
by a mesh function za, for any given mesh A = {tg. 1y -atnts fo <t <
.o. < 4, = T. For methods of order p we obtained a characterization of the
discretization error in the form

clx{f) — zall < Ol
lgleaguzr(} za(t) < Cps

where T4 denotes the maximal step size of the mesh A. But this information
slone does nmot permit us to gpecify a priori a suitable mesh A. In fact,
without fursher information about the golution, we can hardly come up
with a better idea than an equidistant mesh

Tt
An:{t(}“‘;’j 'ﬁﬁ:jxoj}“,_,‘_n}!

with some T = 75. However, it cannot possibly be expected that such
equidistant meshes will do justice to the multitude of different problems.
Accordingly, in this chapter we address the question of how to construct

efficiently a problem-adapted mesh.
In the construction of meshes A the following data ought to be taken

into account:

1. The accuracy of the approximation Ta.
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- 218 5. Adaptive Control of One-Step Methods
Perform computational runs with the tolerances TOL = IET IR £ I

and tabulate the following results:
TOL, lnal, # of step-size reductions, # of [ evaluations, ervor at i
What tolerance TOL is needed for an ervor of £1 km? Compare the cost

with the resulis for constant step sizes in Exercise 4.4,

Exercise 5.3 Prove that there exists no four-stage Runge-Kutta method
{h, A) with consistency order p = 4 that has an embedding (b, A} with
consistency order p = 3 {consult Example 5.12).

Exercise 5.4 Program a method of type 5{4) with step-size control using
the Dormand-Prince coefficients in Table 5.1. Proceed as in Exercise 5.2,

Exercise 5.5 Compute the procedural constant v ntroduced in Lemins
4.26 for the dingonal and subdiagonal entries of the extrapolation tableaux
of EULEX and DIFEX1 or ODEX. For this compare different subdivisiou
sequences F up to order p = l0w. Use the results to explain why EULEX
is not suited for high accuracy requirements.

Exercise 5.6 Modify the program of Exercise 4.3 to a method of the tvpe
RK4(3) with step-size control by embedding in it the Runge-Kutta method
with consistency order p == 3 given in Example 5.13. For this:

e use the Fehlberg trick, and

e do not recompute the stage kp in a step reduction.

Choose the patameters (safety [actor, norm, scaling, minimal value) of the
step-size control as in Exercise 5.2 and apply the program in the same way
as deseribed there. Compare your results with those for the method of type
REKGSG{4) discussed in Exercise 5.2,

Exercise 5.7 Consider a Runge-Kutta method of crder p and combine it
with extrapolation due to Richardson for step-size control. As a basis for

interpolation of the values

zo, flto, wo), &1, flto+ 1),  &o. flto + 27, &2)

2
= by a quintic polynomial take the numerical solntions @y, 2y = 2,
o o = %722, and the extrapolated values
2 . Sy — W . Lo — W
ol R dy = To + 5y where w = ¥z,
o ' (2r — 132 op — 1
2 h Show that the resulting method is of order p* = min{5,p + 1).
Ay -
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